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We present a new perspective on the nature of quark and gluon condensates in quantum chro- 
modynamics. We suggest that the spatial support of QCD condensates is restricted to the interiors 
of hadrons, since these condensates arise due to the interactions of confined quarks and gluons. An 
analogy is drawn with order parameters like the Cooper pair condensate and spontaneous magneti- 
zation experimentally measured in finite samples in condensed matter physics. Our picture explains 
the results of recent studies which find no significant signal for the vacuum gluon condensate. We also 
give a general discussion of condensates in asymptotically free vectorial and chiral gauge theories. 
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I. INTRODUCTION 

Hadronic condensates play an important role in quan- 
tum chromodynamics (QCD). Two important exam- 
pies are {qq) = <£?=i q a q a ) and (G^G^) = 

(Sa=i G a ^ v G allv ), where q is a light quark (i.e., a quark 
with current-quark mass small compared with the con- 
finement scale), G% v = d^A^ - d v A a + g s c abc A b ^A c „ : a ,b,c 

denote the color indices, and N c = 3. (With our (H ) 

metric, for a given a, G a ^G afw = 2(|B Q | 2 - |E Q | 2 ).) For 
QCD with Nf light quarks, the (qq) = (q L q R + q R q L ) 
condensate spontaneously breaks the global chiral sym- 
metry SU(JV/)i x SU(Nf)n down to the diagonal, vec- 
torial subgroup SU (NF)diag, where Nf — 2 (or Nf = 3 
if one includes the s quark). (Pre-QCD studies of spon- 
taneous chiral symmetry breaking, SxSB, include [H, 0].) 
In an otherwise massless theory, the (G^G^) conden- 
sate breaks dilatation invariance. Conventionally, these 
condensates are considered to be properties of the QCD 
vacuum and hence to be constant throughout spacetime 
i. 

In this paper we will present a new perspective on the 
nature of QCD condensates (qq) and (G^G^), particu- 
larly where they have spatial and temporal support. We 
suggest that their spatial support is restricted to the in- 
teriors of hadrons, since these condensates arise due to 
the interactions of quarks and gluons which are confined 
within hadrons. Chiral symmetry is thus broken in a lim- 
ited domain of size l/m T . Higher-order condensates such 
as ((qq) 2 ), ((g<7)G>„G MI/ ), etc. are also present, and our 
discussion implicitly also applies to these [J|. 



II. A PICTURE OF QCD CONDENSATES 

We first emphasize the subtlety in characterizing the 
formal quantity (0|O|0) in a canonical operator-based 
field theory, where O is a product of quantum field opera- 
tors, by recalling that one can render this automatically 
zero by normal-ordering O. This subtlety is especially 
delicate in a confining theory, since the vacuum state in 
such a theory is not defined relative to the fields in the 



Lagrangian, quarks and gluons, but to the actual physi- 
cal, color-singlet, states. 

The Euclidean path-integral (vacuum-to-vacuum am- 
plitude), Z, provides a precise meaning for the expecta- 
tion value (O) = \imj^o(6\nZ/SJ), where J is a source 
for O. The path integral for QCD, integrated over quark 
fields and gauge links using the gauge-invariant lattice 
discretization exhibits a formal analogy with the parti- 
tion function for a statistical mechanical system. In this 
correspondence, a condensate such as (qq) or (G^C") 
is analogous to an ensemble average in statistical me- 
chanics. It is helpful to pursue this analogy in order 
to develop a physical picture of the QCD condensates. 
In the context of condensed matter physics, let us con- 
sider a phase transition which, for temperature T < T c , 
produces spontaneous symmetry breaking with an as- 
sociated nonzero value for some order parameter. For 
example, in a superconductor, the elect ron-phonon in- 
teraction produces a pairing of two electrons with op- 
posite spins and 3-momenta at the Fermi surface, and, 
for T < T c ,an associated nonzero Cooper pair conden- 
sate (ee)x |5(, where here (...)t means thermal average. 
Since this condensate has a phase, the phenomenologi- 
cal Ginzburg-Landau (GL) free energy function Fql = 
|V<&| 2 + C2($*<I>) + C4($*$) 2 uses a complex scalar field $ 
to represent it. The formal treatment of a phase transi- 
tion in a statistical mechanical system begins with a par- 
tition function calculated for a finite d-dimensional lat- 
tice, and then takes the thermodynamic (infinite- volume) 
limit. The non-analytic behavior associated with a phase 
transition and the nonzero order parameter only occur in 
this infinite- volume limit. Thus, in the example of the su- 
perconductor, for T < T c , the (infinite- volume) system 
develops a nonzero value of the order parameter, namely 
($)t, m the phenomenological Ginzburg-Landau model, 
or (ee)x, in the microscopic Bardeen-Cooper-Schricffcr 
theory. In the formal statistical mechanics context, the 
minimization of the IV^ 2 term implies that the order 
parameter is a constant throughout the infinite spatial 
volume. 

However, the infinite-volume limit is only an idealiza- 
tion; in reality, superconductivity is experimentally ob- 
served to occur in finite samples of material, such as Sn, 
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Nb, etc., and the condensate clearly has spatial support 
only in the volume of these samples. This is evident from 
either of two basic properties of a superconducting sub- 
stance, namely, (i) zero-resistance flow of electric current, 
and (ii) the Meissner effect, that \B(z)\ ~ \B(0)\e~ z ^ L 
for a magnetic field B(z) a distance z inside the super- 
conducting sample, where the London penetration depth 
Xl is given by \\ = m e c 2 / (Airne 2 ) (n = electron con- 
centration); both of these properties clearly hold only 
within the sample. The same statement applies to other 
phase transitions such as liquid-gas or ferromagnetic; 
again, in the formal statistical mechanics framework, the 
phase transition and associated symmetry breaking by a 
nonzero order parameter at low T occur only in the ther- 
modynamic limit, but experimentally, one observes the 
phase transition to occur effectively in a finite volume 
of matter, and the order parameter (e.g., Cooper pair 
condensate or spontaneous magnetization M) has sup- 
port only in this finite volume, rather than the infinite 
volume considered in the formal treatment. Similarly, 
the Goldstone modes that result from the spontaneous 
breaking of a continuous symmetry (e.g., spin waves in a 
Heisenberg ferromagnet) are experimentally observed in 
finite-volume samples. There is, of course, no conflict be- 
tween the experimental measurements and the abstract 
theorems; the key point is that these samples are large 
enough for the infinite-volume limit to be a useful ide- 
alization. Standard finite-size scaling methods have long 
been used in statistical mechanics to relate real finite-size 
systems and their behavior to the formal infinite-volume 
limit. In essence, one requires that the minimum dimen- 
sion of the finite sample must be large compared to the 
correlation length. Similar descriptions in terms of (ef- 
fective) phase transition phenomena have been applied 
recently to numerous nanoscale systems, such as quan- 
tum dots @|. 

The physics of finite-size condensed-matter systems 
helps to motivate our analysis for QCD. In our picture, 
the spatial support for QCD condensates is where the 
color-nonsinglet particles are whose interactions give rise 
to them, just as the spatial support of a magnetization 
M, say, is inside, not outside, of a piece of iron. This 
conclusion follows from the path integral for QCD; the 
quark and gluon field configurations that make significant 
contributions to this integral must be physical configu- 
rations, i.e., they must be confined in hadrons. Hence, 
the same should be true of the quantities involving these 
fields, in particular, the quark and gluon condensates. 

The physical origin of the (qq) condensate in QCD can 
be argued to be due to the reversal of helicity (chirality) 
of a massless quark as it moves outward from the center 
of a hadron and is reflected back inward at the boundary 
of a hadron, owing to confinement [7j. This argument 
implies that the condensate has support only within the 
spatial extent where the quark is confined; i.e., the phys- 
ical size of a hadron. Another way to infer this is to note 
that in the light-front Fock-state picture of hadron wave- 
functions a valence quark can flip its chirality when 



it interacts or interchanges with the sea quarks of mul- 
tiquark Fock states, thus providing a dynamical origin 
for the running quark mass. In this description, the (qq) 
and (G^vG^) condensates are effective quantities which 
originate from qq and gluon contributions to the higher 
Fock state light-front wavefunctions of the hadron and 
hence are localized within the hadron. 

Let us consider a meson consisting of a light quark q 
bound to a heavy antiquark, such as a B meson. One can 
analyze the propagation of the light q in the background 
field of the heavy b quark. Solving the Dyson-Schwinger 
equation for the light quark one obtains a nonzero dy- 
namical mass and, via the connection mentioned above, 
hence a nonzero value of the condensate (qq). But this 
is not a true vacuum expectation value; instead, it is the 
matrix element of the operator qq in the background field 
of the b quark. The change in the (dynamical) mass of 
the light quark in this bound state is somewhat remi- 
niscent of the energy shift of an electron in the Lamb 
shift, in that both are consequences the fermion being in 
a bound state rather than propagating freely. 

Insights into the nature of spontaneous chiral symme- 
try breaking in QCD can be obtained using approximate 
solutions of the Dyson-Schwinger equation for a massless 
quark propagator; if the running coupling a s = g 2 /(4ir) 
exceeds a value of order 1, this yields a nonzero dynam- 
ical (constituent) quark mass S [||. Since in the path 
integral, E is formally a source for the operator qq, one 
associates E ^ with a nonzero quark condensate (see 
also Refs. [lQ, (HI)- However, this application of the 
Dyson-Schwinger formalism has the defect that it does 
not incorporate the property of confinement, as is clear 
from the fact that it is an equation for a quark, but the 
physical states of the theory are color-singlets, not quarks 
and gluons. This is a significant defect, since as we have 
noted, the helicity-reversal of a massless quark as it is 
reflected inward at the outer boundary of a hadron, due 
to confinement, provides a physical mechanism for spon- 
taneous chiral symmetry breaking in QCD. Hence, the 
Dyson-Schwinger equation for the propagator of an iso- 
lated quark cannot reliably be used to determine where 
the quark condensate has spatial support; in particular, 
it cannot be used to infer that it is a spacetime constant. 

Similarly, it is important to use the equations of mo- 
tion for confined quarks and gluon fields when analyz- 
ing current correlators in QCD, not free propagators, as 
has often been done in traditional analyses of operator 
products. Since after a qq pair is created, the distance 
between the quark and antiquark cannot get arbitrarily 
great, one cannot create a quark condensate which has 
uniform extent throughout the universe. 

The Anti-De Sitter/conformal field theory (AdS/CFT) 
correspondence between string theory in AdS space and 
CFT's in physical spacetime has been used to obtain an 
analytic, semi-classical model for strongly-coupled QCD 
which has scale invariance and dimensional counting at 
short distances and color confinement at large distances 
[ 1 2f j . Color confinement can be imposed by introducing 
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hard- wall boundary conditions at z = 1/Aqcd, where 
z is the AdS fifth dimension, or by modification of the 
AdS metric. This AdS/QCD model gives a good rep- 
resentation of the mass spectrum of light-quark mesons 
and baryons as well as the hadronic wavefunctions [l3|. 
One can also study the propagation of a scalar field X(z) 
as a model for the dynamical running quark mass [13j |. 
The AdS solution has the form [l4| X(z) = a\z + a,2Z 3 , 
where a\ is proportional to the current-quark mass. The 
coefficient a 2 scales as Aq CD and is the analog of (qq); 
however, since the quark is a color nonsinglet, the prop- 
agation of X(z), and thus the domain of the quark con- 
densate, is limited to the region of color confinement. 
The AdS/QCD picture of condensates with spatial sup- 
port restricted to hadrons is in gen eral agreement with 
results from chiral bag models [la ], which modify the 
original MIT bag by coupling a pion field to the surface 
of the bag in a chirally invariant manner. Since explicit 
breaking of SU(2)i X SU(2)^ chiral symmetry is small, 
and hence is small relative to typical hadronic mass 
scales like m p or mjv, these condensates can be treated as 
approximately constant throughout much of the volume 
of a hadron. 

Our picture of condensates with spatial support re- 
stricted to the interiors of hadrons is consistent with 
the identification of pions as almost Nambu-Goldstone 
bosons. In our picture, the pions play a role analogous to 
the Nambu-Goldstone modes, namely the quantized spin 
waves (magnons), that are experimentally observed in a 
piece of a ferromagnetic substance below its Curie tem- 
perature. Again, strictly speaking, these spin waves re- 
sult from the spontaneous breaking of a continuous sym- 
metry, which only occurs in an idealized infinite-volume 
limit, but this limit provides a very good approxima- 
tion to a finite-volume sample. The pions are the almost 
Nambu-Goldstone bosons resulting from the spontaneous 
breaking of the global SU(2)l x SU(2)a chiral symmetry 
down to SU(2)diag., and so, quite logically, the spatial 
support of their coordinate-space wavefunctions is also 
a region where the chiral-symmetry breaking quark con- 
densate exists. It is important to recall that the size of a 
hadron depends not only on confinement but also on the 
virtual emission and reabsorption of other hadrons, most 
importantly pions, since they are the lightest. Hence a 
hadron can be regarded as being surrounded by a cloud 
of virtual pions. By general quantum mechanical argu- 
ments, this cloud is of size ~ l/m„. If the two sources 
of explicit breaking of chiral SU(2)j, x SU(2)# symmetry 
were removed, i.e., the m u and current-quark masses 
were taken to zero and the electroweak interactions were 
turned off, so that m, = 0, then the size of a hadron, 
including its pion cloud, would increase without bound 
(until it impinged on neighboring hadrons). In this 
case, the quark and gluon condensates would also extend 
throughout all of spacetime. Thus, our picture of conden- 
sates reduces to the conventional view in the chiral limit. 
This also shows the consistency of our picture with cur- 
rent algebra results such as the Gell-Mann-Oakes-Renner 



(GMOR) relation, ml = -/~ 2 (m„ + m d )(qq) 0. Be- 
cause of confinement, the condensate (qq) has finite size 
< l/m n . In the chiral limit (qq) becomes a constant 
throughout spacetime, consistent with standard analy- 
ses. From the GMOR relation, with the current-quark 
masses m u +md ~ 12 MeV, it follows that \(qq)\ 1 ^ — 240 
MeV. With the standard convention that these current- 
quark masses are taken as positive, (qq) is negative. As 
one approaches the chiral limit, in our picture, this con- 
densate involves a matrix element of qq in the nucleon, 
whose size is getting very large because of its pion cloud; 
it thus receives commensurately large contributions from 
this pion cloud around the nucleon. 

We also comment on the nucleon sigma term. Us- 
ing the state normalization given by (A(p)|A(p')) = 
2p°S 3 (p — p')> this term is a^N = oVjv(O) = (m u + 
m d )(2M N y 1 (N(p)\qq\N(p)). Values of a^ N extracted 
from experimental data range from about 45 to 70 MeV 
[ItJ ■ A comparison of this result with the matrix element 
of qq in the GMOR relation would be worthwhile, but, as 
reviewed by Schweitzer |17j |. there are many theoretical 
and model-dependent uncertainties. 

Several studies have reported values of the 
(renormalization-invariant) quantity ((a s /7r)G Atl/ G /i!y ) 
by analyzing vacuum-to- vacuum current correlators con- 
strained by data for e + e~ — > charmonium and hadronic 
r decays [18j|-[2(|. In the pioneering work on QCD sum 
rules [18| the authors obtained an estimate ~ 0.01 GeV 4 . 
Some recent values (in GeV 4 ) include 0.006 ± 0.012 
0(a), 0.009±0.007 [2(|(b), and -0.015±0.008 0(c). 
These values show significant scatter and even differences 
in sign. In our analysis the vacuum gluon condensate 
vanishes; it is confined within hadrons, rather than 
extending throughout all of space, as would be true of a 
vacuum condensate. 

In our picture, the QCD condensates should be con- 
sidered as contributing to the masses of the hadrons 
where they are located. This is clear, since, e.g., a pro- 
ton subjected to a constant electric field will accelerate 
and, since the condensates move with it, they comprise 
part of its mass. Similarly, when a hadron decays to 
a non-hadronic final state, such as tt° — > 77, the con- 
densates in this hadron contribute their energy to the 
final-state photons. Thus, over long times, the dominant 
regions of support for these condensates would be within 
nucleons, since the proton is effectively stable (with life- 
time t p >> T un i v ~ 1.4 x 10 10 yr.), and the neutron can 
be stable when bound in a nucleus. In a process like 
e + e~ — > hadrons, the formation of the condensates oc- 
curs on the same time scale as hadronization. In accord 
with the Heisenberg uncertainty principle, these QCD 
condensates also affect virtual processes occurring over 
times t < 1/Aqcd- Our suggestion implies that conden- 
sates (qq) in different hadrons may be chirally rotated 
with respect to each other, somewhat analogous to dis- 
oriented chiral condensates in heavy- ion collisions (2lj . 

Lattice gauge simulations provide a powerful way to 
investigate properties of QCD, including both hadron 
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states and quark and gluon condensates [22| . Some early 
analytic and numerical lattice studies of (qq) include 
Refs. [iH Our suggestion can, in principle, be veri- 
fied by careful lattice measurements. Note that the lat- 
tice measurements that have inferred nonzero values of 
(qq) and (G^ V G^ U ) were performed in finite (Euclidean) 
volumes, although these were usually considered as ap- 
proximations to the infinite- volume limit. 



III. IMPLICATIONS FOR GENERAL 
ASYMPTOTICALLY FREE GAUGE THEORIES 

Having discussed QCD, we next consider, as an exer- 
cise, how our observations apply to other asymptotically 
free gauge theories. We begin with a vectorial gauge the- 
ory with the gauge group SU (N c ), allowing N c to be gen- 
eralized to values N c > 3. First, consider a theory of this 
type with no fermions, so that only (G^G^") need be 
considered. This condensate would then have support 
within the interior of the glueballs. Second, consider 
a theory with Nf — 1 massless or light fermion trans- 
forming according to some nonsinglet representation R 
of SXJ(N C ). The (qq) and (G^G^) condensates in this 
theory would have support in the interior of the mesons, 
baryons, and glueballs (or mass eigenstates formed from 
glueballs and mesons). Here, the condensate (qq) does 
not break any non-anomalous global chiral symmetry, so 
there would not be any Nambu-Goldstone boson (NGB). 
In both of these theories, the sizes of the mesons, baryons, 
and glueballs are ~ 1/A, where A is the confinement 
scale. 

We next consider asymptotically free chiral gauge the- 
ories (which are free of gauge and global anomalies) with 
massless fermions transforming as representations {Ri} 
of the gauge group. The properties of strongly coupled 
theories of this type are not as well understood as those 
of vectorial gauge theories 25]- [27]. One possibility is 
that, as the energy scale decreases from large values and 
the associated running coupling g increases, it eventually 
becomes large enough to produce a (bilinear) fermion 
condensate, which thus breaks the initial gauge symme- 
try [13] • This is expected to form in the most attrac- 
tive channel (MAC), R\ x R 2 — > R con d., which maxi- 
mizes the quantity AC 2 = C 2 (i?i) + 62(^2) - C2 (i? com j. ) , 
where C2(R) is the quadratic Casimir invariant. De- 
pending on the theory, several stages of self-breaking 
may occur [27], l28| . Let us consider an explicit model 
of this type, with gauge group SU(5) and massless left- 
handed fermion content consisting of an antisymmetric 
rank-2 tensor representation, iftj?, and a conjugate fun- 
damental representation, Xi,L- This theory is asymp- 
totically free and has a formal U(l)^ x U(l) x global 
chiral symmetry; both U(l)'s are broken by SU(5) in- 
stantons, but the linear combination U(l)' generated by 
Q = Q?p — 3Q X is preserved. The MAC for condensa- 
tion is 10 x 10 — > 5, with AC 2 = 24/5, and the as- 
sociated condensate is (eyWnV4, T CV'£")i which breaks 



SU(5) to SU(4). Thus, as the energy scale decreases 
and the running a — g 2 /(47r) grows, at a scale A at 
which 01AC2 ~ O(l), this condensate is expected to form. 
Without loss of generality, we take i = 1, and note 

(e ljk ^l k T C^) oc <<Af T C^f - ^ T C^f 

+ ^ T C^f) (1) 

The nine gauge bosons in the coset SU(5)/SU(4) gain 
masses of order A. The six components of ipi, involved 
in the condensate (TlJ also gain dynamical masses of order 
A. These components bind to form an SU(4)-singlet me- 
son whose wavefunction is given by the operator in UJ. 
This binding involves the exchange of the various (per- 
turbatively massless) gauge bosons of SU(4). The con- 
densate ([I]) breaks the global U(l)', but the would-be re- 
sultant NGB is absorbed by the gauge boson correspond- 
ing to the diagonal generator in SU(5)/SU(4). We infer 
that this condensate (fT]) has spatial support in the me- 
son with the same wavefunction. Aside from the SU(4)- 
singlet Xi,l, the remaining massless fermion content of 
the SU(4) theory is vectorial, consisting of a 4, tpJ, and 
a 4, Xj,L, j — 2. ..4. The formal global flavor symmetry 
of this effective SU(4) theory at energy scales below A is 
U(l)iXU(l)jj = U(l) v xU(l) A , and the \J(1) A is broken 
by SU(4) instantons. This low-energy effective field the- 
ory is asymptotically free, so that at lower energy scales, 
the coupling a that it inherits from the SU(5) theory con- 
tinues to increase, and the theory confines and produces 
the condensate (tp]J T C\j,L), which preserves the gauged 
SU(4) and global U(l)y. We infer that (^ T Cx ,l) and 
the SU(4) gluon condensate (G^G^) have spatial sup- 
port in the SU(4)-singlet baryon, meson, and glueball 
states of this theory. 

Although our suggestion associates condensates in a 
confining gauge theory G with G-singlet hadrons, these 
condensates can affect properties of G-singlet particles if 
they both couple to a common set of fields. For example, 
the (FF) condensate and the corresponding dynamical 
mass £f of technifermions in a technicolor (TC) theory 
give rise to the masses of the (TC-singlet) quarks and 
leptons via diagrams involving exchanges of virtual ex- 
tended technicolor gauge bosons. 

IV. STRONGLY COUPLED QED 

Our argument is only intended to apply to asymp- 
totically free gauge theories. However, we offer some 
remarks on the situation for a particular infrared-free 
theory here, namely quantum electrodynamics (QED), 
based on a U(l) gauge group with gauge coupling e and 
some set of fermions ipi with charges qi. Here there are 
several important differences with respect to an asymp- 
totically free non-abelian gauge theory. First, while the 
chiral limit of QCD, i.e., quarks with zero current-quark 
masses, is well-defined because of quark confinement, a 
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U(l) theory with massless charged particles is unstable, 
owing to the well-known fact that these would give rise to 
a divergent Bethe-Heitler pair production cross section. 
It is therefore necessary to break the chiral symmetry ex- 
plicitly with bare fermion mass terms m^. If the running 
coupling ot\ = e 2 /(47r) at a given energy scale /x were 
sufficiently large, cxi(fi) ^ O(l), an approximate solution 
to the Dyson- Schwinger equation for the propagator of a 
fermion with oij < < /i would suggest that this fermion 
gains a nonzero dynamical mass 5^ [alHi and hence, pre- 
sumably, there would be an associated condensate (ipiipi) 
(no sum on i). However, in analyzing SxSB, it is impor- 
tant to minimize the effects of explicit chiral symmetry 
breaking due to the bare masses m,. The infrared- free 
nature of this theory means that for any given value of 
ai at a scale /i, as one decreases rrii/n to reduce explicit 
breaking of chiral symmetry, ai{rrii) also decreases, ap- 
proaching zero as TOi//i — ► 0. Since ai(nii) should be the 
relevant coupling to use in the Dyson-Schwinger equa- 
tion, it may in fact be impossible to realize a situation 
in this theory in which one has small explicit breaking 
of chiral symmetry and a large enough value of ai(mj) 
to induce spontaneous chiral symmetry breaking. A full 
analysis would require knowledge of the bound state spec- 
trum of the hypothetical strongly coupled U(l) theory, 
but this spectrum is not reliably known. 



V. OTHER FIELD THEORIES 

One could also consider supersymmetric SU(./V C ) gauge 
with a sufficiently small number Nf of light chiral su- 
perfields that the theory is in the phase with confine- 
ment and spontaneous chiral symmetry breaking. This 
theory produces both a gluino and a quark condensate. 
With the supersymmetry unbroken, the physical states 
are SU(A^ c )-singlet hadrons with degenerate superpart- 
ners. The extension of our observation for QCD to this 
theory would lead one to infer that the various conden- 
sates reside within these color singlet states. 

We also comment on gauge theories in d = 2 space- 
time dimensions. These include the Schwinger model, 
QED2 with a massless charged fermion |3Q| and gen- 
eralizations thereof to QED2 with a set of Ni copies 
of massless fermions of different charges and the 't 
Hooft model [3l|, namely the limit N c — > 00 limit, with 
g 2 N c fixed, of the U(-/V c ) 2 gauge theory with one or more 
massive or massless fermions. These theories have the 
appeal that they are exactly solvable. There are well- 
known differences between them and real QCD, since 
in d = 2 dimensions (i) there are no dynamical gauge 
degrees of freedom, (ii) they are super-renormalizablc, 
and (iii) the Mermin-Wagner-Coleman (MWC) theorem 
[32| forbids the breaking of a continuous global symme- 
try. Nevertheless, the property that the potential en- 
ergy associated with a fermion-antifermion pair sepa- 
rated by a distance x increases linearly with x in a U(l)2 
or U(iV c )2 gauge theory, and the related absence of any 



gauge-nonsinglet states in the spectrum, are reminiscent 
of confinement in QCD. Thus, both of these theories were 
used as early models exhibiting free behavior at short 
distances together with the absence of gauge-nonsinglet 
physical states, as in QCD [3lll33|. 

The Schwinger model has a spectrum consisting of a 
free scalar with mass given by m 2 = e 2 /it and (assum- 
ing a particular normal-ordering prescription) exhibits a 
nonzero (ipip) <x m, and this is a constant in spacetime. 
This does not contradict our observation about QCD, 
however, because the existence of this (inp) 7^ depends 
crucially on the fact that the 11(1)^4 chiral symmetry is 
anomalous; 

= 7T ^ Fil " (2) 

ZlT 

(since otherwise (ipip) is forced to vanish by the MWC 
theorem). As is evident from eq. ©, the necessary con- 
dition for the \J(1)a symmetry to be anomalous is that 
F 01 = E ^ 0. Recalling that there are no dynamical 
gauge fields in d — 2, one sees that E is a constant, ex- 
ternal electric field. Hence, in this model (4>ip) arises 
not as a consequence of any dynamical gauge interac- 
tions, but instead as a consequence of the imposition of 
a nonzero external electric field, analogous to the Stark 
effect. Moreover, the generalization with Ni copies of 
massless fermions ipi with different charges qi is also ex- 
actly solvable, and, in agreement with the MWC theo- 
rem, {-ipiipi) = (no sum on i) if > 2 (e.g., [35|). 

Similar comments apply for the 't Hooft model (with 
massless fermions); again, a nonzero condensate is only 
allowed in the case of one flavor, and it owes its exis- 
tence to the fact that the abelian U(l) factor in the 
U(iV c ) = SU(iV c ) x U(l) gauge group gives rise to an 
equation analogous to eq. ([2]), so that, the anomaly in 
the axial-vector current is due to a nonzero value of an 
external chromoelectric field rather than to any intrinsic 
dynamics of the theory. 

The existence of condensates which are spacetime con- 
stants in models without confinement, such as the (4D) 
NJL model and the (N — > 00 limit of the) 2D model 
with a four-fermion interaction [36j are fully in agree- 
ment with our observation, since neither of these models 
exhibits confinement. 



VI. QCD AT FINITE TEMPERATURE 

So far, we have discussed QCD and other theories at 
zero temperature. For QCD in thermal equilibrium at a 
finite temperature T, as T increases above the deconfinc- 
ment temperature Td ec , both the hadrons and the associ- 
ated condensates eventually disappear, although experi- 
ments at CERN and BNL-RHIC show that the situation 
for T ^ Tdec is more complicated than a weakly cou- 
pled quark-gluon plasma. Our picture of the QCD con- 
densates here is especially close to experiment, since, al- 
though finite-temperature QCD makes use of the formal 
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thermodynamic, infinite- volume limit, actual heavy ion 
experiments and the resultant (effective) phase transi- 
tion from confined to deconfined quarks and gluons takes 
place in the finite volume and time interval provided by 
colliding heavy ions. 
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